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1 Introduction 

The calculus on time scales has been initiated by Aulbach and Hilger in order to 
create a theory that can unify and extend discrete and continuous analysis [T]. 
Two versions of the calculus on time scales, the delta and nabla calculus, are now 
standard in the theory of time scales In 2006, a combined diamond- alpha 

dynamic derivative was introduced by Sheng, Fadag, Henderson, and Davis [S], 
as a linear combination of the delta and nabla dynamic derivatives on time 
scales. The diamond-alpha derivative reduces to the standard delta-derivative 
for a — I and to the standard nabla derivative for a ~ 0. On the other hand, 
it represents a weighted dynamic derivative formula on any uniformly discrete 
time scale when a = ^. We refer the reader to [51 El [51 [HI [TO] for a complete 
account of the recent diamond- alpha calculus on time scales. In Section [2] we 
briefly review the necessary definitions and calculus on time scales; our results 
are given in Section [3l 
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The diamond-alpha integral on time scales is defined in [71 [51 [SI [TU] by means 
of a linear combination of the delta and nabla integrals. In the present paper we 
use a Darboux approach to define the Riemann diamond-alpha integral on time 
scales and to prove the corresponding main theorems of the diamond-alpha in- 
tegral calculus (Section 13. ip . In addition, we briefly investigate diamond-alpha 
improper integrals (Section 13. 2p . and prove some new versions of mean value 
theorems on time scales via diamond-a derivatives and integrals (Section 13. 3[) . 
A new notion of local extremum on time scales is also proposed, which leads to 
a diamond-alpha Fermat's theorem for stationary points (Theorem 13. 19p more 
similar in aspect to the classical condition than those of delta or nabla deriva- 
tives. 

2 Preliminaries on time scales 

In this section we introduce basic definitions and results from the theory of 
delta, nabla, and diamond-alpha time scales [H [3 [9] . 

A nonempty closed subset of R is called a time scale and is denoted by T. 
The forward jump operator cr : T T is defined by 

a{t) = inf {s e T : s > t}, for aU t e T, 

while the backward jump operator p : T ^ T is defined by 

p{t) = sup {s e T : s < t}, for aU t e T, 

with inf = supT (i.e., a{M) = AI if T has a maximum M), and sup0 = inf T 
(i.e., p{m) = m if T has a minimum m). 

A point i g T is called right-dense, right- scattered, left-dense and left- 
scattered if a(t) — t, a(t) > t, p(t) — t and p{t) < t, respectively. 

Throughout the paper we let T — [a, b] D Tq with a < b and Tq a time scale 
containing a and b. 

The delta graininess function /i : T — )■ [0, oo) is defined by 

p{t) = a{t) - t, for aU t e T ; 

the nabla graininess function is defined by r](t) :— t — pit). 

We introduce the sets T*^, Tfc, and T|, which are derived from the time 
scale T, as follows. If T has a left-scattered maximum ti, then T'' = T - {ti}, 
otherwise T*^ = T. If T has a right-scattered minimum t2, then = T — {^2}, 
otherwise Tfe ^ T. Finally, we define Tf: = T*^ n T^. 

We say that a function / : T ^ R is delta differentiate at t e T'^ if there 
exists a number f^{t) such that for all e > there is a neighborhood U oi t 
(i.e., U = {t - 5,t + 5) r\T for some 5 > 0) such that 

|/(a(t)) - f{s) - f^{t)iait) - s)\ < e\ait) - s\, for all s E U. 

We call (t) the delta derivative of f at t and say that / is delta differentiable 
on T*^ provided f^{t) exists for all t G T*^. 
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We define (t) to be the number value, if one exists, such that for all e > 0, 
there is a neighborhood V of t such that for all s € V, 

\fip{t))-f{s)-r{t) {p{t)-s)\<e\pit)-s\. 

We say that / is nabla differentiable on T^, provided that f^{t) exists for all 

For delta differentiable functions / and g, the next formula holds: 
{f9)^{t) = f^{t)g'^{t) + f{t)g^it) 

where we abbreviate here and throughout the text foa by f". Similarly property 
holds for nabla derivatives (and we then use the notation = / o p) • 

A function / : T — > M is said to be a regulated function if its left-sided limits 
exist at left-dense points, and its right-sided limits exist at right-dense points. 

A function / : T ^ M is called rd- continuous if it is continuous at right- 
dense points and if its left-sided limit exists at left-dense points. We denote the 
set of all rd-continuous functions by Cid and the set of all delta differentiable 
functions with rd-continuous derivative by Cj^j. 

Analogously, a function / : T — > M is called Id-continuous, provided it is 
continuous at all left-dense points in T and its right-sided limits exist finite at 
all right-dense points in T. 

It is known that rd-continuous functions possess a delta antiderivative, i.e., 
there exists a function F with F"^ — /, and in this case the delta integral is 
defined by f{t)At = F{c) - F{d) for aU c, d £ T. The delta integral has the 
following property: 

f{r)^r = p{t)f{t). 

A function G : T ^ M is called a nabla antiderivative of g : T —^ provided 
(t) = g{t) holds for all t G T^. Then, the nabla integral of g is defined by 

J^gmt^G{b)-Gia). 

Let T be a time scale, and t, s £ T. Following [7], we define pts — cr{t) — s, 

Vts = p{t) — s, and to be the value, if one exists, such that for all e > 

there is a neighborhood U of t such that for all s G U 

|a int) - fis)] T^ts + (!-«) [Fit] - fis)] pts - r-{t)ptsms\ < e \PtsVts\ ■ 

A function / is said diamond-a differentiable on provided /*° (t) exists for 
ah < G T^. Let < a < 1. If f{t) is differentiable on t G T*; both in the 
delta and nabla senses, then / is diamond-a differentiable at t and the dynamic 
derivative /*° (t) is given by 

r^{t)^af^{t) + {l-a)f^{t) (2.1) 

(see [Zl Theorem 3.2]). Equality is given as definition of /*-(i) in [9J. The 
diamond-a derivative reduces to the standard A derivative for a = 1, or the 
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standard V derivative for a = 0. On the other hand, it represents a "weighted 
dynamic derivative" for a € (0, 1). Furthermore, the combined dynamic deriva- 
tive offers a centrahzed derivative formula on any uniformly discrete time scale 
T when a — ^. 

Let /, g : T ^ R be diamond-a differentiable at i e T^. Then (cf. [HI 
Theorem 2.3]), 

(i) / + 5 : T ^ M is diamond-a differentiable at t E T'^ with 

if + gr-it) ^ r^t) + fHt); 

(ii) For any constant c, c/ : T — > M is diamond-a differentiable at i £ T| with 

(iii) : T ^ K is diamond-a differentiable at t £ with 

3 Main results 

Let a, 6 G T, and /i : T ^ K. The diamond-a integral of h from a to 6 is defined 
in [Zlin] by 

rb pb nb 

/ /i(r)o„T = a / /i(T)Ar + (1 - a) / /i(T)Vr, < a < 1, (3.1) 

J a J a J a 

provided that there exist delta and nabla integrals of h on T. In ij3.1l we intro- 
duce a more basic notion of diamond-a integral. We use a Darboux approach 
without the need to define previously delta and nabla integrals. Improper in- 
tegrals are introduced in i j3.2l We end with ij3.31 proving some generalizations 
of the mean value theorems on time scales via diamond-a derivatives and in- 
tegrals. Moreover, a new notion of local extremum on time scales is proposed, 
which leads to a diamond-alpha first order optimality condition more similar to 
the classical condition (T = M) than those of delta or nabla derivatives (cf. [4]). 

3.1 The Riemann diamond-O! integral 

Let T be a one-dimensional time scale, a, 6 G T, a < 6 and [a, 6] a closed, 
bounded interval in T. A partition of [a, 6] is any finite ordered subset 

P = {io,ti, • ■ • ,tn} C [a,b] , 

where a = Iq < ti < ■ ■ ■ < tn — b. The number n depends on the particular 
partition, so we have n — n{P). We denote hy V — V{a,b) the set of all 
partitions of [a, b]. Let / be a real- valued bounded function on [a, b\. We set: 

M = sup{/(t) : t e [a, 5)} , m = inf{/(t) : t e [a, b)} , 
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M_ = sup{/(t) : i G (a, 6]} , rn = inf{/(i) : t e {a, h]) , 
and for 1 < i < n 

Mi = sup{/(i) :t e [t,_i,t,)}, m-==inf{/(i) : t e 

M, = sup{/(t) :^ G m,=inf{/(t) :<G (<.-i,t»]}. 

Let a G [0, 1] C K. The upper Darboux Oc-sum J7(/, P) and the lower Darboux 
OQ,-sum L{f, P) of / with respect to P are defined respectively by 

n 

U{f,P)^Y.^a'Ml+{\-a)M^){U-U^i), 

i=l 
n 

L{f, P) = ^(am- + (1 - a)TrM}(U - k-i) . 

i=l 

Note that 

n 

U{f, P) < YliaM + (1 - a)M){U - = (aM + (1 - a)M){b - a) 

i=l 

and 

n 

L{f,P) > '^{am+ (1 ~a)m){U - U^i) = (am + (1 -Q;)TO)(5-a). 
Thus, we have: 

{am+{l-a)m){b-a) < L{f,P) < U{f,P) < (oM + {1 - a)M){b - a). (3.2) 
The upper Darboux o^-integral U (/) of / from a to is defined by 

U{f) = mf{U{f,P):PeV{a,b)} 
and the lower Darboux OQ,-integral L{f) of / from a to 6 is defined by 

L(/) = sup{i(/,P):PG7'(a,6)}. 
In view of (|3.2p . U{f) and L{f) are finite real numbers. 

Definition 3.1. We say that / is o^-integrable from a to & (or on [a, b]) provided 
L{f) — U{f). In this case, we write f{t) t for this common value. We call 
this integral the Darboux OQ,-integral. 

Let [/(/) and L{f) denote the upper and the lower Darboux A-integral of 
/ from a to b, respectively; C/(/) and L{f) denote the upper and the lower 
Darboux V-integral of / from a to b, respectively. Given the construction of 
[/(/) and L{f ), the equality (|3.1[) follows from the properties of supremum and 
infimum. 
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Corollary 3.2. // / is A-integrable from a to b and V -integrable from a to b, 
then it is <>a -integrable from a to b and 



Now, suppose that / is Oa-integrable from a to b. Then £(/) — U{f) and 



Since U{f) > L{f) and U{f) > L{f), we get the following result. 

Corollary 3.3. Let f be o^-integrable from a to b. 

(i) If a = I, then f is A-integrable from a to b. 

(ii) If a — 0, then f is V -integrable from a to b. 

(Hi) If Q < a < 1, then f is A-integrable and V -integrable from a to b. 

Example 3.4. Note that the strict inequalities in (iii) of the above corollary are 
necessary. Consider the function f{t) = i and the time scale T = Z. We have 

f_^f{t)At = -1 and f{t)yt = 1. However, both f{t)At and j\f{t)\/t 
do not exist. 

The following theorems may be showed in the same way as Theorem 5.5 and 
Theorem 5.6 in [2]. 

Theorem 3.5. // [/(/, P) = L{f, P) for some P e V{a, b), then the function f 
is Oa-integrable from a to b and f(t) i = U{f, P) = P). 

Theorem 3.6. A bounded function f on [a, 6] is o^-integrable if and only if for 
each e > there exists P G P{a, b) such that U{f, P) ~ L{f, P) < e. 

Lemma 3.7 ( 2J). For every 5 > there exists some partition P £ 'P{a,b) 
given by a — to < ti < ■ ■ ■ < tn = b such that for each i G {1, 2, . . . , n} either 
ti — ij-i < ^ or ti ~ ti^i > S and p{ti) — ti^i. 

We denote by Vs — Vs{a,b) the set of all P G V{a,b) that possess the 
property indicated in Lemma 13.71 

Theorem 3.8. A bounded function f on [a,b] is o^-integrable if and only if for 
each e > there exists S > such that 



Proof. By Theorem 13.61 condition p.3p implies integrability. Conversely, sup- 
pose that / is o^-integrable from a to 6. If a = 1 or a = 0, then f is A-integrable 
from a to 6 or V-integrable from a to b. Therefore condition (|3.3p holds (see [2])- 
Now, let < a < 1. By Corollary [331 / is A-integrable and V-integrable from a 
to b. According to [H Theorem 5.9], for each e > there exist Si > and ^2 > 



such that Pi G PsAa,b) implies U{f,Pi) - -£/(/, Pi) < e and P2 G Vs^ia^b) 
implies U_{f, P2) — I±{f, P2) < £■ If P G Vs{a, b) where 6 — min{Si, S2}, then we 
haYeU{f,P)-L{f,P)^aU{f,P) + {l-a)Uif,P)~aL{f,P)-il-a)Lif,P) < 




aU{f) + {1 - aMf) = aLif) + (1 - a)L(/), 
a(I7(/)-L(/)) = (l-a)(L(/) -[/(/)). 



P G Vsia, b) ^ U{f, P) - L{f, P)<e. 



(3.3) 



e. 



□ 
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Let / be a bounded function on [a, b] and let P € 'P(a, h) be given by 
a — to < ti < ■ ■ ■ < tn = h. For \ < i < n, choose arbitrary points in 
in {ti_i,ti], and form the sum 

S = Sr=i(a/(e,) + (1 - - t,_i) . 

We call S a Riemann OQ,-sum of / corresponding to P e 'P{a, b). We say that 
/ is Riemann o^-integrable from a to 6 if there exists a real number / with the 
following property: for each e > there exists 5 > Q such that P G Vs{a,b) 
implies IS' — /| < s independent of the choice of for 1 < i < n. The number 
/ is called the Riemann OQ,-integral of / from a to b. 

Theorem 3.9. // / is Riemann A-integrable and Riemann \7 -integrable from 
a to b, then it is Riemann o^-integrable from a to b and I — a f{t)At + (1 — 

«)/a/WVt. 

Proof. Assume that / is Riemann A-integrable and Riemann V-integrable from 
a to b. Then, for each e > there exist (5i > and ^2 > such that Pi G Vg^ (a, b) 
implies {3- f{t)At\ < e, and P2 £ ^'^^(a, b) implies \S_- jj^ /(t)Vt| < e, where 
S is the Riemann A-sum of / corresponding to Pi , and S_ is the Riemann V-sum 
of / corresponding to P2- Now, if P e Ps{a,b) with S = min{Si,52}, then we 
have 



S 



f{t)At^{l~a) / f{t)Vt 



aS+{l-a)S-a / f{t)At - (1 - 



fmt 



< 
< e 



aS-a fit) At 



il~a)S-{l-a) / fit)Vt 



Thus, / is Riemann OQ,-integral from a to 6 and I ^ a j'' f{t)At+{l—a) f{t)SIt. 

□ 

By construction of the Oa-Riemann sum S*, the following theorem may be 
proved in much the same way as ^2, Theorem 5.11]. 

Theorem 3.10. A bounded function f on [a, 6] is Riemann o^^-integrable if and 
only if it is Darboux o^-integrable, in which case the values of the integrals are 
equal. 



We define 



and 



fit) o„ i = 



fit) Oat = - / fit) Oat, a> b. 

'6 
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Corollary 3.11. Let f he Riemann Oa-integrahle from a to b. 

(i) If a — I, then f is Riemann A-integrable from a to b. 

(ii) If a = 0, then f is Riemann \7 -integrable from a to b. 

(Hi) // < a < 1, then f is is Riemann A-integrable and Riemann V- 
integrahle from a to b. 

Theorem 3.12. Let / : T -> M and let t e T. Then, 
(i) f is integrable from t to a{t) and 

^ ^ ^ fis) Oa s = + (1 - «)r W) ; (3.4) 

(ii) f is integrable from p{t) to t and 

f f{s) Oa s = ri{t){afP{t) + (1 - a) fit)). 
Jp{t) 

Proof, (i) If a{t) — t, then fi{t) = and equality (|3.4p is obvious. If a{t) > t, 
then V^tja^t)) contains only one element given hy t = sq < si ~ cr(t). Since 
[so,Si) = t and (so,si] = o-{t), we have U{f,P) = af{t){a{t) — t) + (1 — 
a)f"{t){a{t) -t) = L{f,P). By Theorem 1X51 / is o„-integrable from t to a{t) 
and p.4p holds. Proof of (ii) is done in a similar way. □ 

Corollary 3.13. Let a, 6 G T and a < b. Then we have the following: 

(i) IfT = R, then a bounded function f on [a, b] is o^-integrable from a to b 
if and only if is Riemann integrable on [a, b] in the classical sense, and in this 
case fit) Oa t = fit)dt. 

(ii) J/T = Z, then every function f defined on TL is <> a-integrable from a to 

b, and ll fit) o„ t = E'la+i /(O + «/(«) + (1 - ")/(&)• 

(Hi) If T ~ KL, then then every function f defined on hTL is o^-integrable 

b — — 1 

from a to b, and fit) o^t — J2k=^+i fikh)h + afia)h + (1 — a)fib)h. 

The following results are straightforward consequences of Theorems 13.91 and 
13.101 and properties of the Riemann delta (nabla) integral: 

1. Let a, 6 e T and a < b. Every constant function / : T ^ M is OQ,-integrable 
from a to 6 and J^^ fit) o^t — c(5 — a). 

2. Every monotone function / : T ^ M on [a, b] is o^-integrable from a to b. 

3. Every continuous function / : T ^ M on [a, b] is o^-integrable from a to b. 

4. Every bounded function / : T ^ K. on [a, b] with only finitely many 
discontinuity points is o^-integrable from a to b. 

5. Every regulated hmction f : T ^ M. on [a,b] is o^-integrable from a to b. 

6. Let / : T ^ M be a bounded function on [a, b] that is Oc,-integrable from 
a to b. Then, / is Oc-integrable on every subinterval [c, d] of [a, b\. 
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7. Let /, g be o^-integrable from a to 6 and c € M, d G T, a < d < 6. Then: 

(i) c/ is o^-integrable from a to 6 and jl^{cf){t) o„ i = c f(t) t, 

(ii) / + 5 is o^-integrable from a to 6 and /^(/ + g){t) Oat — f{t)Oat + 

(iii) /g is o^-integrablc from a to 6, 

(iv) !l fit) Oa t ^ fit) 0„ < + /(<) 0„ 

8. If /, g are o^j-integrable from a to 6 and if f{t) < git) for all t € [a, b], then 
l'fit)o^t<f^fit)o^t. 

9. If / is Ofj-integrable from a to 6, then so is |/|. Moreover, | fit) t\ < 

i!:\fit)\oat. 

3.2 Improper integrals 

Let T be a time scale, a G T. Throughout this section we assume that there 
exists a subset 

{tk ■■ k e No} C T , a = t < ti < t2 < ■ ■ ■ , lim tfc = oo. 

k — ^oo 

Let us suppose that the real-valued function / is defined on [a, oo) and is Rie- 
mann o^-integrable from a to any point yl G T with A> a. If the integral 

FiA) ^ I fit) o„ t 



approaches a finite limit as A ^ cx), we call that limit the improper diamond-a 
integral of first kind of / from a to oo and write 



/ fit)Oat= lim / /(t)o„ 

Ja \Ja 



(3.5) 



In such case we say that the improper integral f{t) t exists or that it is 
convergent. If the limit p.Sp does not exist, we say that the improper integral 
does not exist or is divergent. Note that 



^ fit)o^t= Imi^l^a 



fit)At+il-a) J /(i)Vtj . 

Corollary 3.14. // improper integrals f{t)At and f{t)Vt exist, then 
fit) o^t = a fit) At + (1 - «) / fit)Vt. 



On the other hand, the improper diamond-a integral may exist even if im- 
proper delta and nabla integrals do not exist. 



9 



Example 3.15. Consider the function 



fit) = I leT, 
1-1 if< = 2/ + l, 



on the time scale T = N U {0}. We have 

/ /(t)At = ^/(fc), / /(t)Vt = ^/(fc+l). 

•^0 fc=0 -^0 fc=0 



Hence, the improper integrals /(t)At and f{t)Vt do not exist. On the 
other hand, for a = 1/2 we have 



(/(fc) + /(fc + i)) = o 



.A -, /A-1 A-1 \ A-1 

/ f{t)Oat^-[Y,f{k)+J2f{k+l)\=-J2 

\k=0 k=0 ) k=0 

and 

^ /(t) Oa t = lirn^ /(t) ?j = 0. 

3.3 Diamond-alpha Fermat's and Mean Value Theorems 



Theorem 1 3 . 1 6 1 and Theorem 13 . 1 71 are exact analogies of mean value theorems for 
delta (nabla) integrals and there are no differences in proofs of these theorems. 
However, the formulation of the mean value theorems 13.211 and 13.221 below, for 
the diamond-a derivative, provide a generalization more similar to the classical 
results than the ones previously proved for the delta or nabla derivatives (cf. 

my 

Theorem 3.16. Let f and g be bounded and o^-integrable functions from a 
to b, and let g be nonnegative (or nonpositive) on [a,b]. Let m and M be the 
infimum and supremum, respectively, of the function f on [a, 6]. Then, there 
exists a real number K satisfying the inequalities m < K < M such that 

b rb 

f{t)g(t) o^t^K g{t) o„ t. 



Theorem 3.17. Let f be bounded and o^-integrable function on [a, 6]. Let 

m and M be the infimum and supremum, respectively, of the function F(s) = 

la ■^(*) ^ '^^ t^"' have: 

(i) If a function g is non-increasing with g{t) > Q on [a,b], then there is a 
number K such that m < K < M and 

b 

f{t)g{t) o„ t = Kgia). 
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(ii) If g is any monotonic function on [a, b], then there is a number K such that 
m < K < M and 

b pb 

f{t)g{t) t = [g{a) ~ g{b)]K + g{b) / f{t) o„ t. 

J a 

We now define a local maximum of a real function defined on a time scale 
T. The definition of a local minimum is done in a similar way. 

Definition 3.18. We say that a function / : T ^ M assumes its local maximum 
at to G provided 

(i) if to is scattered, then f{a{to)) < f{to) and f{p{to)) < /(to); 

(ii) if to is dense, then there is a neighborhood U of to such that /(t) < /(to) 
for all t G [/; 

(iii) if to is left-scattered and right-dense, then /(p(to)) < /(tp) and there is a 
neighborhood U of to such that /(t) < /(to) for all t ^ U with t > to; 

(iv) if to is right-scattered and left-dense, then /(cr(to)) < /(to) and there is a 
neighborhood U of to such that /(t) < /(to) for all t G f/ with t < tg. 

Theorem 13.191 permits to introduce the notion of critical point in a similar 
way as done in classical calculus. We remark that equality /*"(to) = in 
Theorem 13 . 191 does not always hold for the delta (a = 1) or nabla {a — 0) cases 
(cf. [3]). 

Theorem 3.19 (diamond-alpha Fermat's theorem for stationary points). Sup- 
pose f assumes its local extremum at to G and f is delta and nabla difjeren- 
tiable at to. Then, there exists a G [0, 1] such that f^''{to) = 0. 

Proof. Suppose that f assumes its local maximum at to G T^. Then, we have 
/^(to) < and /^(to) > 0. If /^(to) = (/^(to) = 0), then we put a = 1 
(a = 0). Therefore, we can assume that /^(to) < and f^ {to) > 0. Setting 



/^(io)-/^(io)' 

it is easy to see that < a < 1, and we obtain the intended result. □ 

Example 3.20. Let T = {-1, 0, 1, 2, 3, 4}, and / be defined by /(-I) = /(O) = 
5, /(I) — 0, /(2) = 1, and /(3) — /(4) — 3. The point 1 is a local minimizer, 
points and 3 are local maximizers, and point 2 is neither a minimizer neither 
a maximizer (as well as -1 and 4, by definition). The delta- derivative is only 
zero at point 3 while the nabla-derivative is zero only at zero. According with 
Theorem 13. 19[ at all extremizers there exists an alpha such that the diamond- 
alpha derivative vanishes. Indeed, /""(O) = 0, /*^/'3(l) = 0, and /*i(3) = 0. 
Observe that /^° (2) ^ for all a G [0, 1]. 

Theorem 3.21 (diamond-alpha RoUe's mean value theorem). Let f be a con- 
tinuous function on [a, b] that is delta and nabla differentiable on (a, b) with 
f{a) = f{b). Then, there exists a G [0, 1] and c G (a, b) such that /*°(c) — 0. 
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Proof, li f — const, then f^"{c) = for all a G [0, 1] and c G {a,b). Hence, 
assume that / is not the constant function and f{t) > f{a) for all t G [a,b]. 
Since function / is continuous on the compact set [a, b], f assumes its maximum 
M > f{a). Therefore, there exists c G [a, b] such that M = f{c). As /(a) = /(&), 
a < c < b, clearly / assumes its local maximum at c and there exists a G [0, 1] 
such that (c) = 0. □ 

The following mean value theorem is a generalization of Theorem 13.211 

Theorem 3.22 (diamond-alpha Lagrange's mean value theorem). Let f be 

a continuous function on [a,b\ that is delta and nabla differentiable on {a,b). 
Then, there exists a G [0, 1] and c G (a, b) such that 

b — a 

Proof. Consider the function g defined on [a, b] by 

9(.t)^f{a)-~fit) + it~a)l^:^. 

b — a 

Clearly g is continuous on [a,b] and A and V differentiable on (a, 6). Also 
g{a) = g{b) = 0. Hence, there exists a G [0, 1] and c G (a, b) such that 5*° (c) = 
0. Since 

«••(() = a9'"(f) + (l-t>)9'«) 

b — a J \ b — a 

we conclude that 

= -a/-(c) - (1 - «)/V(c) + ^ ;o„(^) ^ /(^l^ 



□ 

We end by proving a diamond-alpha Cauchy mean value theorem, which is 
the more general form of the diamond-alpha mean value theorem. 

Theorem 3.23 (diamond-alpha Cauchy's mean value theorem). Let f and g 

be continuous functions on [a,b] that are delta and nabla differentiable on (a, 6). 
Suppose that (t) / for all t G (a, b) and all a G [0, 1] . Then, there exists 
a G [0, 1] and c G (a, b) such that 

f{b)-f{a) _fo^{c) 
g{b)~g{a) gO-{cy 
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Proof. Let us first observe that from the condition g'^"{t) ^ for all t £ (a, 5) 
and all a G [0, 1] it follows from Theorem 13 . 2 1 1 that g{h) / 5(a). Hence, we may 
consider the function F defined on [a, 6] by 

F(t) = /(i) - /(a) - M^:M[5(t) _ 

5(0) - 5(a) 

Clearly, F is continuous on [a, 6] and delta and nabla differentiable on (a, 6). 
Also, -F(a) = F{h). Applying Theorem 13.211 to the fimction F and taking into 
account that 

= aF^ify + (1 - 

V g(b)-g{a) J V 5(&)-5(a) / 

we conclude that there exists a G [0, 1] and c e (a, 6) such that 

= / °(c) TTT ^g °(c). 



Hence, 



~7r\ — rT-9 c 

5W - fa 



and dividing by (7*° (c) we complete the proof. □ 
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